Abstract. In this paper, by using the Bochner technique on almost Hermitian manifolds, we obtain a complex Hessian comparison for almost Hermitian manifolds generalizing the Laplacian comparison for almost Hermitian manifolds by Tossati, and reprove a diameter estimate for almost Hermitian manifolds by Gray. Moreover, we obtain a sharp eigenvalue estimate on quasi Kähler manifolds and a sharp Hessian comparison on nearly Kähler manifolds.
Introduction
A triple (M, J, g) is called an almost Hermitian manifold if J is an almost complex structure and g is a J-invariant Riemannian metric. There are two connections, one is the Levi-Civita connection and the other one is the canonical connection, on almost Hermitian manifolds, that play important roles on the geometry of almost Hermitian manifolds. The canonical connection is an extension of the Chern connection [5] on Hermitian manifolds. It was first introduced by EhresmannLibermann [8] .
Geometers were used to use the Levi-Civita connection for the study of the geometry of almost Hermitian manifolds, see for example [12, 13, 14, 15, 1] . However, later researches show that canonical connection is useful for the study of the geometry of almost Hermitian manifolds. For example, canonical connection is crucial for the study of the structure of nearly Kähler manifolds in [22, 23, 2] . In [27] , Tossati, Weinkove and Yau used the canonical connection to solve the Calabi-Yau equation on almost Kähler manifolds. The problem Tossati-Weinkove-Yau considered is part of a program proposed by Donaldson [7, 6] on sympletic topology. In [26] , Tossati obtained a Laplacian comparison result about the canonical connection on almost Hermitian manifolds using the second variation of arc length and obtained a Schwartz lemma on almost Hermitian manifolds which is a generalization of the Schwartz lemma by Yau [28] .
In this paper, by applying the same Bochner technique as in [19] , we obtain a Hessian comparison on almost Hermitian manifolds which generalises Tossati's Laplacian comparison [26] . More precisely, we obtain the following result. Moreover, with the same technique, we obtain the following sharp diameter estimate for almost Hermitian manifolds. Theorem 1.2. Let (M, J, g) be a complete almost Hermitian manifold and the quasi holomorphic sectional curvature is not less than K > 0.
In fact, the above diameter estimate was disguised with a seemingly different curvature assumption in [13] . However, one can show that the two curvature assumptions are the same by using the curvature identities derived in [29] . The same diameter estimate for Hermitian manifolds was also obtain in [3] .
Furthermore, by using a similar technique as in Futaki [10] , we have the following first eigenvalue estimate on almost Hermitian manifolds. Theorem 1.3. Let (M, J, g) be a compact quasi Kähler manifold with the quasi Ricci curvature bounded from below by a positive constant K. Then λ 1 ≥ 2K, where λ 1 is the first eigenvalue of (M, g).
Finally, we obtain a sharp Hessian comparison on nearly Kähler manifolds which generalizes some results in [19, 25] on Kähler manifolds. Theorem 1.4. Let (M, J, g) be a complete nearly Kähler manifold and o be a fixed point in M. Let B o (R) be a geodesic ball within the cutlocus of p. Suppose that the quasi holomorphic bisectional curvature on
in B o (R) with equality holds all over B o (R) if and only if B o (R) is holomorphic and isometric equivalent to the geodesic ball with radius R in the Kähler space form of constant holomorphic bisectional curvature K, where ρ is the distance function to the fixed point o.
Hessian comparison and diameter estimate on almost Hermitian manifolds
we first recall some definitions and known results in almost Hermitian geometry. Note that the torsion τ of the connection ∇ is a vector-valued two form defined as
An almost Hermitian connection is uniquely determined by its (1,1)-part. In particular, there is a unique almost Hermitian connection with vanishing (1,1)-part. Such a connection is called the canonical connection which is first introduced by Ehresman and Libermann [8] . For sake of convenience, we adopt the following conventions in the remaining part of this paper:
(1) Without further indications, the manifold is of real dimension 2n;
(2) D denotes the Levi-Civita connection and R L denotes its curvature tensor and "," means taking covariant derivatives with respect to D; (3) ∇ denotes the canonical connection,R denote the curvature tensor of ∇ and ";" means taking covariant derivatives with respect to ∇. 
The curvature tensor is defined as The following first Bianchi identities for almost Hermitian manifolds are frequently used in the computations of the remaining part of this paper. One can find them in [27, 20, 29] . Proposition 2.1. Let (M, J, g) be an almost Hermitian manifold. Fixed a unitary frame, we have
The following general Ricci identity for commuting indices is also frequently used in the remaining part of this paper. One can also find it in [9] . Lemma 2.1. Let M n be a smooth manifold, and E be a vector bundle on M. Let D be a connection on E and ∇ be a connection on M with torsion τ . Then
for any cross section s of E, and tangent vector fields X and Y .
Directly by the Ricci identity above, we have
Moreover, recall the following comparisons of geometric quantities for the Levi-Civita connection and the canonical connection on almost Hermitian manifolds.
By using Lemma 2.2 directly, we have the following comparisons of the Hessian and divergence operators with respect to the Levi-Civita connection and the canonical connection. Lemma 2.3. On an almost Hermitian manifold, fixed a unitary frame,
where ',' means taking covariant derivatives with respect to the LeviCivita connection.
Lemma 2.4. On an almost Hermitian manifold, fixed a unitary frame,
Lemma 2.5. On an almost Hermitian manifold, fixed a unitary frame,
L is the Laplacian operator with respect to the Levi-Civita connection. Lemma 2.6. Let X be a vector field on an almost Hermitian manifold M and fixed a unitary frame. Then
;i + X¯i ;ī is the divergence of X with respect to the canonical connection and div L X is the divergence of X with respect to the Levi-Civita connection.
The same as in Tosatti [26] , we make the following definition about the bound-ness of the curvatures of an almost Hermitian manifold. Definition 2.3. Let (M, J, g) be an almost Hermitian manifold. We say that the holomorphic bisectional curvature of (M, J, g) is bounded from below by K if
We say that the (2,0) part of the curvature tensor of (M, J, g) is bounded by A 2 if (2.14)
Let (M, J, g) be an almost Hermitian manifold. We denote its distance function to fixed point o as ρ. Similarly as in Li-Wang [19] , we have the follows. Lemma 2.7. Fixed a unitary frame (e 1 , e 2 , · · · , e n ), we have
Lemma 2.8. Fixed a unitary frame (e 1 , e 2 , · · · , e n ), we have
where we have used Proposition 2.1 and Lemma 2.1. This completes the proof. 
g ij within the cut-locus of o.
Proof. Let γ be normal geodesic starting from o. Let (e 1 , e 2 , · · · , e n ) be a parallel unitary frame along γ.
Then, by Lemma 2.8, we know that
(2.20)
Moreover, for any column vector u, we have
Furthermore,
and, similarly as in (2.23)
Combining (2.20),(2.21),(2.24) and (2.27), we get
Moreover, by Lemma 2.3, and that
as ρ → 0 + (See for example [25] ), we have
I n , noting that
and (2.28), we have 
for all ρ with in the cut-locus of o. This completes the proof of the theorem.
In the following, we give a diameter estimate for almost Hermitian manifolds. We first extend the notion of quasi-holomorphic sectional curvature in [3] for Hermitian manifolds to almost Hermitian manifolds. Definition 2.4. Let (M, J, g) be an almost Hermitian manifold. Let X be a real unit vector on M. Define the quasi holomorphic sectional curvature QH(X) as
where we have fixed a unitary frame (e 1 , e 2 , · · · , e n ) with
Remark 2.1. When the complex structure is integrable, the definition of quasi holomorphic sectional curvature is the same as that in [3] .
Theorem 2.2. Let (M, J, g) be a complete almost Hermitian manifold and the quasi holomorphic sectional curvature is not less than K > 0.
Proof. Fixed a unitary frame (e 1 , e 2 , · · · , e n ), using Lemma 2.7 and the eighth equality of (2.18) inLemma 2.8, noting that τ and R are both skew symmetric, we have Then, let f = ρ kl ρkρ l = ρ 11 /2, by (2.35), we know that
Moreover, by Lemma 2.3, we have
as ρ → 0. By comparison of Riccati equation [24] , we know that
Hence, by a classical argument(See for example [18] ), we get the conclusion.
Remark 2.2. The diameter estimate above was disguised with a seemingly different curvature assumption in [13] . Indeed, using the curvature identities in [29] , one can find that the two curvature assumptions in [13] and in the above are the same.
First eigenvalue estimate for quasi Kähler manifolds
In this section, we give a sharp first eigenvalue estimate for quasi Kähler manifolds. We first recall the definition and some properties of quasi Kähler manifolds.
Let (M, J) be an almost complex manifold. Since J is not necessary integrable, the exterior differentiation dα of a (p, q)-form α on an almost complex manifold (M, J) has four components: (p−1, q+2) component, (p, q +1) component, (p+1, q) component and (p+2, q −1) component. We denote the (p − 1, q + 2) component of dα asĀα, the (p, q + 1) component as∂α, the (p + 1, q) component as ∂α and the (p + 2, q − 1) component as Aα. The following criterion for quasi Kählerity is well known. Applying Proposition 3.1 to Lemma 2.3,Lemma 2.5 and Lemma 2.6, we have the following corollary.
Because ∆ coincides with ∆ L , by the same technique as in [10] , we have the following estimate of the first eigenvalue which generalizes the eigenvalue estimate on compact Kähler manifolds. Before stating the first eigenvalue estimate, we need the following definition of quasi Ricci curvature. Definition 3.2. Let (M, J, g) be a quasi Kähler manifold and let
We call R ij the quasi Ricci curvature of the quasi Kähler manifold.
Theorem 3.1. Let (M, J, g) be a compact quasi Kähler manifold with the quasi Ricci curvature bounded from below by a positive constant K. Then λ 1 ≥ 2K, where λ 1 is the first eigenvalue of (M, g).
Proof. Let f be an eigenfunction of −∆ with eigenvalue λ 1 . That is
For the equality case, we show that the equality can also be achieved by non-Kähler manifolds. Let S 6 equipped with the standard almost complex structure and standard Riemannian metric. Then, S 6 becomes a nearly Kähler manifold. For the this nearly Kähler manifold, R L ij = 5δ ij , and by [29] , R ij = 0. By the curvature identity Therefore, the quasi Ricci curvature (3.6)
where we have used Lemma 4.2 in the next section. So, the constant K in the last theorem is 3. It is clear that the first eigenvalue of the standard metric on S 6 is 6. Hence, equality of the last theorem is achieved by the nearly Kähler manifold S 6 .
Sharp Hessian comparison on nearly Kähler manifolds
In this section, by using the Bochner techniques in [19] , we obtain a sharp Hessian comparison on nearly Kähler manifolds generalizing the results of [19, 25] .
Recall the definition of nearly Kähler manifolds. The following lemma is well know, see for example [15] .
Lemma 4.1. Let (M, J, g) be a quasi Kähler manifold, then
for any tangent vector fields X and Y .
The following corollary is straight forward by the definition of nearly Kähler manifolds and the last lemma. The following criterion for nearly Kähler manifold is well known, see for example [22, 23] . Moreover, it turns our that the torsion is parallel for nearly Kähler manifolds. (
By (4) of the above corollary, the first Ricci curvature and second Ricci curvature for nearly Kähler manifolds coincides, so we simply denote them as R ij .
Lemma 4.3. Let (M, J, g) be a nearly Kähler manifold, o be a fixed point and ρ(x) the the distance from x to o. Let γ be a normal geodesic starting from o. Let (e 1 , e 2 , · · · , e n ) be a unitary frame parallel along γ with respect to the canonical connection with
, ρ α = ρᾱ = 0 for all 1 < α and ρ i1 = −ρ i1 for all i ≥ 1. with in the cut-locus of o.
It is clear that e 1 is also parallel along γ with respect to the Leiv-Civita connection. Moreover
for all α > 1. By these and Lemma 2.7, we know that
for all i ≥ 1. Proof. Let γ be a geodesic starting from o, and (e 1 , e 2 , · · · , e n ) be the same as in the last lemma. Then, by Lemma 4.2 Lemma 2.8, Corollary 4.2 and Lemma 4.3, we know that
l=1,2,··· ,n k=1,2,··· ,n and X 1 be the first column of X.
Then, by the same argument as in [25] , we have (4.10)
This is the equality in the conclusion of the theorem.
If the equality holds, we have ρ kl = 1 √ 2 τ1 kl for k, l = 2, 3, · · · , n. By Lemma 2.1, we have (4.11)
for all k, l = 1, 2, · · · , n. In particular, at the point o, we have
for all i, j and k. By Theorem 4.1, we know that τ = 0 and hence M is Kähler. At this position, the same argument in [25] , we obtain the conclusion when equality holds.
By the Hessian comparison, we have the following direct corollaries. By the same argument as in [4] (See also [18] ), we have the following comparison of eigenvalues for nearly Kähler manifolds. 
